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THE MODEL OF ELASTIC MEMBRANE

The model for the elastic membrane extends to two space dimensions the one for the
elastic string; its deduction follows similar guidelines.

Consider a thin elastic membrane, whose mean cross section occupies a bounded region
€ in the plane z1x2 in the rest position.

Let us assume the membrane is fixed along all its boundary 02.

A (small) density of force per unit volume f = Oei + Oez + f3es, normal to the median
cross section, induces a (small) displacement w = uie1 + usez + uses from the rest
position.

As a first approximation, the components u1 and uz will be considered negligible with
respect to the component us describing the displacement along the direction of the force.

Let us set f = f3, u = uz and let 7 = (731, 732) be the vector collecting the vertical
components of the shear stress; let ;4 > 0 denote the shear modulus of the material.
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The equilibrium condition of the membrane is expressed as

. 87’31_,'_87—32 =0 namely, f+V.-T=0,
ox Oy

whereas the (approssimate) constitutive equations are given by

0 0
31 = ua—u , T32 = ,ua—u , namely, T =pVu.
x Y

They hold inside 2, wheread on the boundary OS2 the condition
u=0

holds, telling that the membrane is fixed at the rim.
Thus, we obtain the system
Ver+f=0 inQ,
T =uVu in Q,

u=20 on 0N} .
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Substituting the expression of T from the second equation into the first equation
produces the boundary value problem

-V -(uVu)=f in Q,
u=0 on 09,

in the unknown u. Note that the equation in  is, more explicitly,
0 (Jouy_ 0 ( ouw)
oz \Moz dy 'ué‘y o

In case the coefficient p is constant on €2, we obtain the Poisson equation
—pAu=f in Q,

where the expression

_ Pu  *u
T 0z Oy?
denotes the Laplacian of the function w.

Au
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DISCRETIZATION BY FINITE DIFFERENCES

w0 =yo=0 - oy =L

We assume that p is constant and that Q = (0, L) x (0, L) is the square of edgelength L.

Let us fix the same discretization step h = Ni—l—l (with N > 1) in both space directions.

Consider the equispaced grid Gy, in Q = [0, L)? given by the nodes (¢, ym ) with 2, = £h
for0< /< N+1,and y, =mh for0 <m < N + 1.

Note that the nodes sitting inside the square are indexed by ¢, m such that
1 <¥¢,m < N, whereas the boundary nodes are characterised by having at least one
index equal a 0 or N + 1.
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Let us denote by wusm =~ u(x¢, ym) an approximation of the displacement u at the node
(z¢,ym); moreover, let us set fem = f(2¢,ym). At boundary nodes there is no
displacement, whence we define

Ugm =0 if £€{0,N+1} or me {0,N +1}.

The remaining values of us,, relative to inner nodes, are defined by imposing at each of
them an approximate version of the Poisson equation, obtained by substituting the
second partial derivatives of u in the term Au with centred second difference
quotients.

Precisely, noting that z + h = x¢+1 and Y, = h = ym+1, we have

& u L u(®e—1,Ym) — 2u(®e, Ym) + u(Tet1,Ym) | Ue—1,m — 2Uem + Uet1,m
g7 (T2 Ym) = h2 . h2

and
&*u ou(®e, Ym—1) = 2u(®e, Ym) + u(@e, Ymt1) | Uem—1 — 2Uem + Um1
Tw(“ﬂm) = h2 - h2 :

Therefore at inner nodes we impose the following equations:

nz (—we,m—1 — Ue—1,m + 4Uem — Ueg1,m — Ut,m+1) = fom, 1<ém<N.
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N

® (Lm+1)

(t—1,m) (t.m) (¢+1,m)
o o ° B

® (Lm—1)
S
Thus, at each inner node we impose the equation

% (_uﬁ,mfl — Ur—1,m + 4u£m — UL+1,m — uf,m+1) = fEm; 1 S Ev m S N )

which involves the five nodes of the computational molecule centred at (¢, Ym ).

Therefore, we have N? equations in the N2 unknowns given by the values u¢n, at the
internal nodes.
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ynt1 =1L

ro=1y0=0

(6,ym)

(TN 41, Um)

z¢

v =L

Whenever one or more nodes of the molecule sit on the boundary 92, we use in the

previous expression the boundary values

WUpm = 0 if

It is convenient to distinguish between a

e {0,N+1} or me {0,N +1}.

@ strong inner node: all the nodes of its computational molecule are inner nodes.

@ weak inner node: one or more nodes of its molecule are boundary nodes.




yni1 =1L
o o o o o
(we:9m)
Ym o . . . o (ZN4+1,Ym)
o . . . o
o . . . o
o o = a o

20=90=0 o tniy =L

Thus, each equation

L
ﬁ (_uz,mfl — Ug—1,m + 4u£m — Ug+1,m — ué,m+1) = fém

involves
o five inner unknowns, if it is associated with a strong inner node,

@ four or three inner unknowns, if it is associated with a weak inner node.




7 . . . a ( Ym)
o . . . =3
. . . =3

o =1yo =0 rxp =L

@ The equation at the node (1,1) takes the form
% (4U11 — U21 — u12) = f11 ;

h
@ the equation at a weak node (¢,1) with 2 < ¢ < N — 1 takes the form
% (—we—1,1 +4upr — uer1,1 — ug2) = fo1 3
@ the equation at a weak node (N, m) with 2 < m < N — 1 takes the form
% (—unN,m-1 — UN—1,m + 4UNm — UN,m+1) = fNm -



Single-index(lexicographic) ordering of the unknowns

=1L SN

Ym o . . 3 o (@N+1,Ym)

ro=yo="0 e+ =L i-N

In order to write the algebraic system thus obtained in the form Au = f, we need first
to shift from the two-index numbering of the unknowns to a single-index numbering:

(¢,m) — J.

This is accomplieshed by resorting to the I'lexicographical ordering, whereby the N
nodes on the first row from the bottom (m = 1) are ordered first, then those on the
second row (m = 2), and so on; within each row the indexing goes from left to right.

79 / 243



It is not difficult to see that
j=L+(m—-1)N for 1<¢m<N,

and, obviously, one has
1<j<N?%.

Let us set uj; = usm and f; = fom. With such a notation, the equation enforced at a
strong inner node, namely

% (_ué,mfl — UL—1,m + 4ulm — Up+1,m — ’U/Z,m+1) = ff'm 3
becomes "
7 (Cw-N = w1+ Ay = uj — uen) =
The entries of the corresponding row (the j-th one, indeed) of the matrix A are given by
4 if k=7,
ajr="1{ 1 if k=j+lor k=j+N,

h2
0  otherwise .
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The equation relative to a weak inner nodes involves only the unknowns (4 or 3)
associated to the inner nodes of the computational molecule.

The corresponding row of the matrix differs from the one of a strong inner node by
having only 3 or 2 non-null entries off the main diagonal.

@ For instance, the equation relative to the weak node (1,1),

% (4u11 — u21 — ui12) = fi1,

is expressed as
% (dur —u2 —uignN) = f1;
o the equation relative to the weak node (£,1) with 2 < /< N —1,

o

5l (—we—1,1 +4upr — upg1,1 — ue2) = for ,

is expressed as
m
2 (Fui—1 AU~ ui —uaen) =

with j = ¢,
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o the equation relative to the weak node (N,m) with2<m <N —1 ,

% (—un,m-1 — UN—1,m + 4UNm — UN,m+1) = fNm ,

is expressed as
m

with j = mN.
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Structure of the matrix A

0 5 10 15 20 25
The entries in the upper triangular part of the matrix are given by

4 if k=j,
Cop -1 i k=j+1with j#£pN,
Ajk = 75 . .
h -1 if k=j+N,
0 otherwise .
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The matrix is symmetric and pentadiagonal.

We immediately notice the block tridiagonal structure of the matrix, obtained by
grouping the entries of the vector u of unknowns into blocks u,, of N elements,
corresponding to the nodes on the same row of the grid, i.e., the nodes indexed by £, m
with m given.

Introducing the matrices of order N

D= %tridiag -1 4 —1] and C= —%I ,
we have indeed
D C
C D
A= C

abQ
abQ

C
D
namely,

A =tridiag [C D C].
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Properties of the discretization

@ Gerschgorin's theorem shows that the eigenvalues of A are all contained in the

interval
3u
(03%)

hence, A is a symmetric and positive-definite matrix.

@ The condition number worsen as the grid becomes finer, with the same behaviour as

for the elastic string:
conds(A) ~ ch™? ~ CN? .

@ The discretization schemes yields a quadratic convergence:

‘ *u

4
max |“($Z:ym) - ul?,m| < Ch2 max <’a u aiyél

0<l,m<N zeq \ | Ot

)
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VARIATIONAL FORMULATION OF THE ELASTIC MEMBRANE

PROBLEM

Let us recall the equilibrium equation of the membrane and the constraint of adherence
to the rim:
-V (uVu)=f in Q,

u=20 on 0.

Let us denote by V the set (vector space) of all admissible displacements of the
membrane. An element in V is a function defined in Q = Q U 99, fulfilling suitable
conditions of continuity and differentiability, and vanishing on 9€2. The admissible
displacements will be also termed shape functions, or test functions.

Note that the solution wu is a particular admissible displacement, hence v € V.

Let us multiply the equilibrium equation by the generic admissible displacement v and let
us integrate on ):

— | V- (uwVu)vde = | fode.
Q Q

Next, we are going to “integrate by parts” on the left-hand side.
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To this end, let us set w = uVu. We now recall the Divergence Theorem

/V-gdw:/ g-nds,
Q o0

where g is a vector field defined in £2 and n is the normal unit vector to the boundary
092, pointing outward €.

Let us apply such result to the vector field g = wwv, obtaining

/QV-(wv)dw:/aﬂ(wv)-nds:/m(w~n)vds.

Next, using the differentiation rule for a product (Leibniz's rule), we have
V-(wv)=(V-w)v+w-Vou.

Hence,

/(V-w)vdm+/w~V1}dm:/ (w-n)vds,
Q Q EYo)

_A(V.w)vdw:/ﬂw-Vvdw—/m(w-n)vds.

Recalling that w = pVu, we obtain
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—/V-(uVu)vdm:/qu~Vvda:—/ pa—uvds7
Q Q aq  On

where we have indicated by
ou

%:Vuﬂn

the normal derivative of u along OX.

Finally, on the right-hand side, let us note that the boundary integral vanishes since all
admissible displacements v vanish on 02. In conclusion, the following identity holds:

—/V~(,uVu)'Uda3:/uVu-Vvdw.
Q Q

This brings us to the following integral formulation, or variational formulation, of the
elastic membrane problem:

u € V and satisfies

(42)
/uVu-Vvdm:/fvdm forall ve V.
Q Q

From a physical point of view, it expressed the Principle of Virtual Works. Note the
perfect analogy with the variational formulation of the 1D elastic string problem.

88 / 243



Discrete variational formulation

The rigorous definition of the vector space V' containing all admissible displacements is
such to warrant that problem (42) admits one, and one only, solution.

Among the functions of V' are the continuous ones with continuous first partial derivatives
on Q. But V also contains functions that are continuous and only piecewise differentiable
on Q: this means there is a finite partition of Q into closed regions C1, ..., Cy, such that
v has continuous and bounded first partial derivatives inside each C;.

The presence in V' of the latter type of functions allows for an easy numerical
approximation of the variational problem. It is enough to restrict the choice of the
admissible displacements to those belonging to a subspace V}, of V; these are termed the
discrete admissible displacements. “Piecewise polynomial” continuous functions are an
important example.

The subspace has finite dimension, i.e., it is spanned by the linear combinations of N
discrete admissible displacements ¢1, 2,...,¢©nN, which are linearly independent:

N
vp(x) = Zvj<pj(w) for all vy € Vi,
namely =t
Vi =span{p1, @2,..., 0N} .

The functions ¢; are the basis functions in V},.
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Replacing V' with V}, in the formulation (42), we obtain the following discrete
variational formulation of the elastic membrane problem:

up € Vi, and satisfies

(43)
/ uVup - Vo, de = / fon dex for all v, € Vj, .

Q Q
By means of the basis {1, ¢2,...,¢n} di Vi, we can reduce this problem to an
algebraic system

Au=f

of N equations in N unknowns.
Indeed, choosing subsequently vy, = @; for j = 1,2,... in (43), we immediately obtain
the N equations satisfied by u:

/uVuh~Vg0jdw:/f<pjda}, 1<j<N.

Q Q
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N

If we represent uy, with respect to the basis of V},, as up, = Zuknpk, and if we use the
k=1
linearity property of differentiation and integration, we get

N
Z“k/liv%’k'v%dﬂv:/f%d% 1<j<N.
k=1 Q Q

Hence, the formulation (43) is translated into the following algebraic system:

Au=f, (44)
where we have set
A=(ap) €RVY . w=(u) €RY,  f=(f;)eR,
with
ajr = /QMV% “Vpjdz, fi= /Q fpjdz . (45)

The matrix A will be called the stiffness matrix of the system.
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Property of the stiffness matrix

The matrix

A= (a;x), aij/MV%-V%dw,
Q

is symmetric and positive definite.

Proof. The matrix is obviously symmetric. Let us show that it is positive definite by
checking the equivalent condition

vTAv >0 for each vector v #0 .
The j-th entry of the vector Awv is given by

N N N
(Av); = > anve = Z”k/ PV - V; de = / Y (Z vk<pk> -V; dw
k=1 2 Q

k=1 k=1

by the linearity property of differentiation and integration. Hence,
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T
v Av

N N
ZU] (Av); = Z / uVv (Z vkcpk) -Vy;dx
j=1 2 k=1

REMEEN

Let us denote by v, € V4, the function

N N
Un = E VkPr = E Vi Pj
k=1 j=1

(note that the two expressions coincide, since k and j are just “dummy” indices of
summation).
Thus, we have

vTAv:/quh~Vvhdw:/,uHVvhH2dw20
Q Q

for any v € RY, since the elastic coefficient y is strictly positive.
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Our check is complete if we show that
vTAv =0 implies v=0.
If v" Av = [, ul|Von || dee = 0, then necessarily

wl[Vun||> =0 at each point in

hence,
Vun, =0 at each point in 2,

i.e, the function
vy is constant in € ;

on the other hand, since vy, vanishes on the boundary of €2, necessarily one has
vp, =0 at each point in 2.

From the relation so obtained,

N
vy = E Ve = 0
k=1

we deduce that v, = 0 for each k, since the functions ;. are linearly independent by
assumption. Hence, recalling that v = (vk), we conclude that v = 0.

94 / 243



DISCRETIZATION BY FINITE ELEMENTS

From now on, let us assume that Q = Q U 9Q is a polygon.
Let us decompose (2 in the union of a finite number of non-degenerate triangles T' (the
geometric elements of the method) that satisfy the following admissibility condition:
the intersection of two distinct triangles can be only either

@ a whole edge common to both, or

@ a common vertex, or

@ the empty set.

Forbidden situations:
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Example of an admissible triangulation of Q:

42 18\ 20 62 6 23
45

44

13 20
35 43

33 39

Let 7 be any admissible collection of triangles which decompose €2; we say that 7 is a
triangulation of 2. Hence,
a=Jr.

TeT
Given a triangle T € T, let us denote by
hr = diam(T)

its diameter, i.e., the maximum distance between any two points (or the length of the
longest edge). Next, let us set
h =maxhr ;
TeT

this parameter represents a measure of how refined the triangulation is.




42 18 \ 20 62 6 23

56
49 ) 45

44

46 53 13 20

The vertices « of the triangles of T are said nodes of the triangulation.
We distinguish between
@ inner nodes, sitting in £, whose number will be denoted by A},
e boundary nodes, sitting on 9Q, whose number will be denoted by A?.
The total number of nodes of the triangulation is then
My =Ni+NE .
Let us denote by x; the j-th node of the triangulation, whose coordinates are

(w41, 252) = (%5,Y5).




Let T € T be any triangle of the triangulation, and let x;, @), x; be its three vertices.
Since triangles are supposed non-degenerate (the vertices are not collinear), the vectors
x; — x; and x — x; are not parallel, i.e., their cross product is not zero:

(x; — ) X (k. — 1) # 0.
Setting

G = Tj =Tt Yj — Y (46)
Te—x Y=y )’
we have
(z; — ) X (k — 1) = (det G) es
hence, the non-degeneracy of 1" amounts to the matrix G being non-singular. In
addition, it holds
1
area(T) = §|det G|.



The discrete admissible displacements

Given a triangle T € T, let
Pi(T)={p:T—R | pz,y) =azx+PBy+~vy, witha,f,v€R},

denote the set of all algebraic polynomials of total degree < 1, defined in T'. It is a vector
space of dimension 3.

Our admissible displacements v, will be continuous functions in £, vanishing on 99 and
such that on each triangle T they belong to P1(7"). Thus, we are led to introduce the
space of all functions which are continuous and piecewise polynomial on the
triangulation, more precisely

Vi = {vn : Q@ —= R : vy, is continuous and vy, € P1(T) for every T € T} .

Then, the space of all discrete admissible displacements will be

Vi={vn €Vy : vp =0 on 9N} .
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Let vy be a function in V;,. On the generic triangle T € T, the polynomial

p=uvyr €P1(T), plz,y)=ax+Pfy+7,
is uniquely determined by 3 linearly independent conditions.
A quite natural choice consists of assigning the values of p at the three vertices of the
triangle T', namely, the three conditions
p(x;) =v;, p(zk) = vk, p(z) = .
Indeed:

o (geometric motivation:) 3 non-aligned points determine a unique plane in space;

o (algebraic motivation) the coefficients o, 3 and ~ have to satisfy

az; + By + v = v
ary + By + v =
ar; + By + v = w
namely,
i y; 1 a 5
Tk Yk 1 ﬁ = Vk
X Yt 1 Y vl

Such a system admits a unique solution, since the determinant of its matrix
coincides with that of the matrix G defined in (46), which is non-singular.
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Glueing polynomials together

Assigning the values of vy, at the nodes of the triangulation guarantees the continuity
across the common edge of any two adjacent triangles, which in turn implies the global
continuity.

EL

Indeed, if p; is a polynomial of degree one defined in T}, p2 is a polynomial of degree one
defined in 15, and if
pi(x;) =p2(x;),  pi(ze) = p2(ze) ,
then
p1 and po coincide along the edge L = [z, zk] .

Consequently, the function
ifeeT,
vn(x) = P() I “ '
pa(x) ifxeTy,

is continuous in T U T5.



By applying this line of reasoning to any pair of adjacent triangles of the triangulation T,
we see that to manifacture a function vy, € V}, it suffices to prescribe its values

Uj:’vh(il:j), jzl,...,Nh,

at the nodes of the triangulation. The above argument guarantees that vy will
automatically be continuous across the triangulation’s edges.

Thus, a function vy, € V}, is uniquely determined by its values at the nodes of the
triangulation. We may thus associate to it the column vector

v = (v;)1<j<n, € RV

On the other hand, a function vj, € Vj, (i.e., a function in V), vanishing on 9Q) is
characterized by the vanishing of all its values at the boundary nodes.

Hence, such a function will be determined by its values v; = vi(x;), 5 =1,..., N}, at
the inner nodes of the triangulation. We can then associate to v, the column vector

Ni,
v = (Uj)1§j§N;'L eR™.
(Just to keep the presentation as simple as possible, here and in the sequel we will

assume that inner nodes are invariably numbered before boundary nodes.)
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The Lagrange basis

Let us now introduce bases in Vy, and in Vj.

A natural choice is the so-called Lagrange basis in V;,, which is made of the funtions of
this set that equal 1 at one node or the triangulation and 0 at any other node. So let
¢; € Vp, be the function satisfying

pi(@r) =0k, 1< k<Ny.
Such a function is non-zero in all triangles, and only those, having x; as vertex, i.e., the

triangles of 7(j), where
TG ={T€eT :x; €T}.

103 / 243



The support of y; is by definition the union of these triangles, i.e.,

suppp; = (J T
TeT(5)

The functions ¢; form a basis of Vp,
Vi =span{p; : 1<j<Ni},

since each v, € V), can be written as

N,
op(x) = Zvj<pj (x), with v; = vp(x;) . (47)

To produce a Lagrange basis in V}, it is enough to consider the fu_nctions p; with
1 <j < N}. Indeed, if vy, € V3, we have v; = vp(x;) = 0 for Vi +1 < j < N, and so
(47) becomes

Ny,
on(x) =Y vjei(x) (48)
ie., =
Vi =span{p; : 1<j<Ny}.

From now on, we set N = N/}.
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Structure of the stiffness matrix and the right-hand side

Let us recall the definition of the stiffness matrix A = (a;x) € RV*V, with
a = / pNVek - Vo jde =Y | pVey - Ve, dz,
Q TeT /T
where we have exploited the fact that € is the union of the triangles of 7.

Let us also recall the definitions

TG ={TeT :z; €T} and supp@; = U T.
TET ()

Thus, if T ¢ T(j), then x; & T. Hence, o; vanishes identically on T and therefore its
gradient, too, will vanish identically therein. Consequently, we have

/uVapkvVgojdm:O fT&T(5) orif T & T(k).
T
We conclude that

ajr = Z uVoi - Vojde . (49)
TeTGHNTHR) 7T
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Let us first assume that &k = j. In this case
2
aj;= Yy / Vs~ de
TeT(HH T
i.e., all diagonal elements are strictly positive and obtained by integrating over the

support of the corresponding basis function.

Let now k # j. If there is a triangle T" in T (j) N T (k), the nodes x; and x; are among
its vertices; clearly this can occur if and only if the two nodes are joined by an edge of
the triangulation.
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Hence, if @;, @, belong on a same (necessarily non-boundary) edge, then 7(5) N7 (k) is
not empty: it consists, namely, of the triangles T3, T5 that share the edge; thus,

ajr = / uVor - Vo, de +/ uVeoi - Vojde with 71, T € T(5) N T (k) ,
T Ts

and this matrix entry is, possibly, other than 0.
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Vice versa,
T(j) N T (k) is empty if x; and @) do not belong to the same edge of T .
In this case, necessarily we have

aijO.

For each node x;, the number of nodes x; connected to it by an edge is equal to the
number of triangles having x; as a vertex; such a number is typically small (< 10), for
otherwise there would exist triangles with very small angles, a feature that influences
negatively the condition number of the matrix.

Thus, the number of entries a;x a priori different from 0 sitting on the generic row j of
the matrix A turns out to be O(1).

We conclude that the total number of entries a;j a priori different from 0 is O(N), to be
compared with the number N? of entries of A. Therefore, A is a sparse matrix.
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The position of the elements a;;, different from 0 in the matrix depends on how nodes
are numbered: if two nodes connected by an edge are numbered “close to each other”,
then the corresponding matrix entry a;i will be “close” to the main diagonal; the
distance from the main diagonal is indeed given by |j — k.

It is possible to number nodes in such a way that A is banded, with band-width O(v/N).

Sophisticated techniques for reordering the nodes have been developed, which optimize
the cost of solving the algebraic system by a direct method (such as Gauss or Choleski).

At last, as far as the right-hand side is concerned, we have

f=[ teit=3 [ reia= ¥ | fode.

TeT TeT(5)
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Assemblying the stiffness matrix and the right-hand side

We have seen that

ajp= > /TuV¢k~Vapjda:, fi= > /Tfsojdw-

TeT(G)NT (k) TeT ()

In a finite-elements code, the construction of stiffness matrix and source term may be
logically divided into two phases:

- a cycle on the triangles of T, in which one computes the contribution of any triangle
to the stiffness matrix and the source;

- the assemblage of matrix and source, where the contributions of the single triangles
are suitably processed to produce the entries of the matrix and the source vector.

For efficiency reasons, though, the latter part is actually carried out simultaneously with
the former: as the contributions from a triangle become available, they are added to the
running value of the corresponding entries in the matrix and the source (which are
initially set to 0); at the end of the cycle on the triangles every matrix and source
element will have attained the correct value.

110 / 243



Let T be a generic triangle of the triangulation; we assume that its vertices are
Tj1 Lja 5 Ljs 5 with 1< j1,72,73 <Ni .

If all vertices of T are inner (i.e., if 1 < j1,72,73 < Ni = N), then the triangle
contributes to the matrix entries

Qj1,51 5 Aj1,52 > Aj1,53 > Ajz,52 Aja,j3 > Aj3,53
to the ones obtained from these by swapping indices, and to the vector entries

fivs fins fis-

If one or two vertices of T sit on the boundary 0f2, then the contributions to the matrix
and source entries may be different, depending on the boundary conditions enforced
therein. For the moment, we ignore this situation.
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wsT = @)y

56 = @)

S
It is convenient to shift from the global numbering of nodes ji, j2, js to a local

numbering which uses the indices 1,2, 3. Hereafter, we will use greek letters (o, 3,...)
to denote local indices.

Hence,
mjoe — Ta , 1§Oé§37
PialT — va € P1(T), 1<a<3;
/W%‘B'V%dm — /Wsozz-vnpadm, 1<a,8<3;
T T
/f@jadw — foadz 1<a<3.
T T
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Thus, we are led to introduce the elemental stiffness matrix of the triangle T’
(“elemental” means related to an element, i.e., a triangle)

T .
AD = (@D)i<ap<s eRTP . with ol = /TMVGOB Vo do
and the elemental source vector

£ =) 1cacs €R?, with £ = / fpade .
T

[Beware not to mix the superscript (T) with the symbol of transposition of a matrix or
vector!]
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Computing the elemental stiffness matrix

Observe that Vi, is a constant vector in T', since ¢, is an affine function. Hence,
o) = Vs oo [ pie.
T
Let us introduce the mean value of pn on T

_ #/ da
Hr = area(T) TM '

Note that if u is constant on T', then pur = u, otherwise ur can be safely approximated
by the value zi(x3) in the baricenter @, = % (a1 + @2 + @3) of the triangle.

In any case, we obtain

aff/;) = prarea(T) Vs - Vq .

We are left with the problem of computing the gradients of the basis functions.
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Recalling Taylor's formula for functions of several variables, we first observe that if & and
x( are points in the triangle T', the variation of ¢, between xy and x can be written as

Pa(®) = pa(®0) = Vo - ( — x0) ;

indeed, @, is affine and therefore all its partial derivatives of order higher than 1 vanish
identically. Thus, applying the previous formula to the vertices of the triangle, we get

1= a(Ta) = pal(®y) = Voo - (Ta — x4) with v # o,
O:@a(wﬁ)_wa(x'y):vSOa'(wB_w’y)7 with 8 # a, B# 7.

Consequently, the components ¢q » and ¢q,y of Vi, are the solutions of the following

algebraic system
(o v (E)=Co)
T — Ty Y — Yy Pay 0 ’
where 8 and 7 denote the two indices different from « in the set {1, 2, 3}; note that the

system’s matrix is indeed a particular matrix G as defined in (46). We thus have

_ Y3 — Yy __ T Xy
Par = "qeeGq 0 Pov detG (50)
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If the nodes x., xs and x., are numbered counterclockwise, we have
det G = 2area(T’) > 0,
hence the previous formulas become
Ys — Yy Tp — Ty
gz = ——2L oy = —————— . 51
e, 2area(T) Py 2area(T) (51)

Making things explicit, if we consider the three cases (¢, 8,7v) = (1,2, 3),
(o, 8,7) =(2,3,1) and (e, B,7) = (3,1,2), we get

_ Y2 —UYs _ T2 —T3
Pz 2area(T) ’ PLy 2area(T) ’

_ B0 :_$3—$1
¥ = 2area(T) ’ P2y 2area(T) ’

iy w1
P55 = Darea(T) Py 2area(T)
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@5

From the geometric point of view, the previous formulas translate the following facts:
o the vector Vi, is perpendicular to the opposite edge [z, 3],
Vo (xy —xp) =0;

@ the increment of ¢, in the direction of its gradient is 1 if we move from the edge
[z, 2] to the vartex xq.

A useful remark. In order to compute the components of Vg, it might be easier to
exploit the fact they are constant on T': thus, it suffices to find two segments, one
horizontal and one vertical, at the endpoints of which we know the values ¢,. The
difference quotients of . on the segments will give the required components.
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A useful test

It is useful to observe that the affine function @1 + @2 + @3 takes the value 1 at each of
the vertices of T', hence, it is constant:

v1(x) + p2(x) + p3(x) =1 foreach x € T'.

Applying the gradient, we get the identity
Vi1 +Vps+Ve3 =0,

which — for instance — allows us to compute the gradient of a basis function, if the other
two are known.

A consequence of the last identity is that the sum of the elements on each row (or
column) of the matrix AT s zero. Indeed, for a = 1,2, 3, we have

3 3 3
daly = Z/Wsoa-vwadm:/u > Vs | - Voo da
B=1 B=1 T T B=1

/,uO~V<p&dm:0.
T

This property gives a practical way to double-check whether the elements of the stiffness
matrix have been computed correctly.
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Computing the elemental source vector

Let us use the following quadrature rule

/gd:t::
T

which is exact for affine functions and extends to the two-dimensional situation the
known trapezoidal rule on an interval of the real line.

Choosing g = fya and recalling the values taken by ¢, at the vertices of the triangle, we
can define the elemental source vector as the vector £’ whose entries are

(9(21) + g(x2) + g(3)) area(T) (52)

Wl =

1
fa = gf(aca)area(T) , a=1,2,3. (53)
If f is constant on T, such expression coincides with the exact value fT foade.
At last, let us note that, after assemblying the entries of the elemental source vectors

coming from all triangles, the previous definition leads to the following expression for the
j-th entry of the right-hand side vector f:

Ji =gl 3 area(T) = 3 f(ws)area(supp o) (54)

TeT ()
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Theoretical results

o Condition number of the stiffness matrix One has

min

condz(A) ~ ch 2 where  Amin = min hr .
TET

@ Error behaviour Let us measure the discretization error u — uy, in one of the

following norms:
1/2
lvll2 = (/ v® dw) (quadratic norm)
Q

1/2
lvlle = (/ uHVszdm) (energy norm)
Q
[|[v]|oc = max |v(x)| (maximum norm) .
e

Let us assume that the exact solution u has second-order partial derivatives with
bounded quadratic norm, namely,

2

lullma=

3,j=1

8%u

2.0, oz, < +oo.

2
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Under this assumption, for a regular triangulation we can prove that the error u — uy,
tends to zero

@ quadratically in h, if it is measured in the quadratic norm, namely,
lu = unll2 < Ch*|Jum,2
@ linearly in h, if it is measured in the energy norm, namely,

lu—unle < Chlulln,z .

If in addition u has second-order partial derivatives with bounded maximum norm, i.e., if

&*u

- < ,
8.%,‘83?]‘ +oo

[ull 00 =

max
1<i,j<2
oo

then the error tends to zero

@ ‘“almost” quadratically in h, if it is measured in the maximum norm, namely,

lu = unlloo < Ch*|log hI*'* [lull 7,00 -
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Further boundary conditions

Let us assume that the boundary 02 is divided in a non-empty part I'p, on which we
enforce a (non-homogeneous) Dirichlet condition, and its complementary part Iy, on
which we enforce a (non-homogeneous) Neumann condition. Thus, the problem is

-V -(wVu)=f in Q,

u=4g on FD,

pot =y on T,
with g and % given functions.

The Neumann condition means that on I'y we assign the normal component of the shear
stress (in the elastic model), or the normal component of the heat flux (in the thermal
model).

If we keep in mind the elastic model, the set V(g) of the admissible displacements, or
shape functions, is now formed by functions that take the value g on I'p, whereas they
take arbitrary values on I'y.

The set V(0) of the functions vanishing on I'p will be the set of the admissible
variations, or test functions.
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Why a function v in V(0) is an admissible variation?

Suppose we fix an arbitrary admissible displacement ug € V(g). The solution u of our
problem is itself a function in V (g), hence the difference u — ugy will vanish on I'p, i.e.,

u—ug € V(0).
If we denote this difference by up = u — ug, we can write
U = Ug + Uo.

This shows that wg is the variation that we have to apply to uy in order to get the
solution wu.

Therefore, if we know a particular admissible displacement u4, the problem of seeking the
solution w in V(g) is equivalent to the problem of seeking ug in V(0).
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The variational formulation of the problem with the new boundary conditions is based on
the “integration by part” formula, that we already know:

—/V-(,uVu)vdaf::/,uVu-Vvdm—/ ,u@vds7
Q Q o On

where u € V(g) is now the solution of our problem, whereas v € V(0) is any test
function. The boundary integral on the right-hand side can be written as
0 19} 0
/ ,u—uvds:/ u—uvds—i—/ ,u—uvds:o—i— Yods,
aa On r, on ry On Iy
where we have kept into account that v vanishes on I'p and u satisfies the Neumann
condition on I'y.

Therefore, the variational formulation of the problem is as follows:

u € V(g) and satisfies

55
/p,Vu~Vvda::/fvdm+/ Yuds for any v € V(0) . (55)
Q Q I'n
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Let us suppose that I'p is a union of edges of the triangulation. In addition, let us
assume (just to simplfy the presentation) that the boundary nodes on I'y have been
numbered before those on I'p.

The set of discrete admissible displacements, or discrete shape functions, is defined as
Vi(g) = {vn € Vi, : vn(z;) = g(x;) for each ¢; € T'p};
the set of discrete admissible variations, or discrete test functions, will thus be V4(0).

The functions of Vj,(g) and V},(0) are uniquely determined by their values at all inner
nodes and at the boundary nodes that belong to I'y. These are the nodes carrying the
degrees of freedom; let us still indicate with N their number (N < N < A3).
We thus have

Vi(0) =span{; : 1<j< N},

and a function u, € Vi, (g) will be written as

N N,
un(®) =Y wpr(@) + Y gren(),
k=1 E=N4+1

with gr = g(xk).



The discrete variational formulation is as follows:

up € Vi(g) and satisfies

/ uNVup - Vo, de = / fondxe + Y up ds for each v, € V3,(0) .
Q Q

T'n

Choosing subsequently vy, = ¢; for j = 1,..., N, we obtain the equations satisfied by wu:
[ nvun Vo= [ fojdws [ werds,  1<j=N.
Q Q Iy

Let us replace u, by its expansion given in the previous slide, and let us move to the
right-hand side whatever depends on the datum g. Setting, as usual,

an = [ 1Ven- Vi da
Q

we obtain the algebraic system

N N
Zajkuk:/f%dw-F/ Ypjds — Z jkgk 1<j<N,
k=1 Q 'y

k=N+1

which we still write in the form
Au=f.
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Robin boundary condition

The Neumann boundary condition can be made more general by considering the so-called
Robin condition

g——i—au—w on 'y,

where o > 0 is a given coefficient.

For instance, we obtain such a condition by imposing the heat flux to be proportional to
the difference between a given temperature % and the current temperature u of the plate,
ie.,

— =a(t—u) on I'y;

in this case, one has ¢ = au.

The Robin condition modifies the expression of the boundary term:

/ u%vds—/ a—vds—/ (fa*u—kw)vds:f/ auvds + Yuds .
s On 6 T'n I'n T'n
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The new discrete variational formulation of the problem becomes:
upn, € Vi(g) and satisfies

/ uNup, - Vo, de +/ aup, vy ds = / fonde + Yupds for each v, € V4(0) .
Q I'n Q I'n

The effect is a modification of the stiffness matrix A, whose entries are now given by
ajp = /quak -V;dx +/ @ p;ds .
Q JT N

Note, however, that the integral over I'x is zero for all basis functions associated with
the inner nodes.

Since o > 0 by assumption, it is not difficult to check that the symmetric matrix A is
still positive definite.

128 / 243



